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INTRODUCTION

This report details results of research performed during the period April 1, 1989 through
March 31, 1990 under NASA contract no. NAG-1-979.
The general objective of this research has been to develop a life prediction methodology
for laminated continuous fiber composites subjected to fatigue loading conditions.
SUMMARY OF COMPLETED RESEARCH

The following is a summary of research completed during the preceeding contract year:

1) a phenomenological damage evolution law has been formulated for matrix cracking
which is independent of stacking sequence;

2) mechanistic and physical support has been developed for the phenomenological
evolution law proposed in 1);

3) the damage evolution law proposed in 1) has been implemented to a finite element
computer program; and

4) preliminary predictions have been obtained for a structural component undergoing
fatigue loading induced damage.

The results reported above are covered in detail in the enclosed appendices.
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Absiracs

The accumulation of matrix cracking is examined using continuum damage
mechanics Jaminztion theory. A phenomenologically based damage eve-
lutionary relationship is proposed for matrix cracking in continuous fiber
reinforced laminated composites. The use of material dependent properties
and damage dependent laminate averaged piy stresses in this evolutionary
relationship permits its application independently of the laminate stacking
sequence. Several load histories are applied tocrossply laminates using this
model and the resulis are compared to published experimental data. The
stress redisiribution among the plies during the accumulation of matrix
damage is 2lso examined. It is concluded that characteristics of the stress
redistribution process could assist in the analysis of the progressive {ailure
process in laminated composites.

Introduction

A unique property of composite materials is thzir evolutionary failure char-
acteristic. The inhomogeneity of the microstructure provides numerous
paths in which loads can be redistributed around the damaged region.
Thus, the integrity and response of the component are affected more by
the coliective efiects of the accumulated subcritical damage than by any
single damage event. For laminated composites, this subcritical damage
takes the form of matrix cracks, delaminations, debonding, and fiber frac-
tures. Because the transfer of load away from the damaged area infiuences
the damage evolution in the adjacent areas, the stresses at the ply level play
an important role in the evolution of damage and the ultimate failure of
the structure. Thus, this unique failure process that makes composites an
attractive engineering material has also limited their efficient use in siruc-
tures. The primary reason has been the shortage of analytical means to






model the complex events occurring within the laminate and the prediction
of damage evolution.

A review of the current literature indicates that three approaches have
been taken ta soive this problem. The first approach is the phienomenc-
fogice’ methodology. Empirical relztionships are developed {rom ¢ bady ef
experimentally measured data. Statistical theory is frequently emplovecd te
correlate this data. Models of this type tend to be restricted to the stackin.
sequerce utilized to construct them. The sccond approach, called the crace
propagation method, identifies damage as dominant cracks and fracture
mechanics is applied 1o predict crack growth. The physical significance of
each damage mode is retained with this aporoach. Unfoztunately, the dam-
age stale in composite materials contains & multitude of interacting defects.
Analvsis in this manner is compiex and perhaps unmanageable. For exam:-
pie, if there are hunareds of cracks. then the finite eiement method would
require tens of thousands of elements. The third and mosi recent approach
is the use of inernal siate variabies in & ¢ontinuum damage mechanics
framework 10 model the damage accumulation. The averaged efiects of the
damage are represented through the internal state variables. This theory
provides 2 thermodynamically rigorous characterization of the continuum
under examination. The continuum damage mechanics approach entails
the formulation of constitutive relationships. damage variable descriptions.
and the damage evolution laws. The damage evolution laws may either be
phenomenological, mechanistic, or even some combination of both. Because
this approach is capable of accounting for the stacking sequence, it difiers
considerably from the phenomenological approach. Furihermore, because
the effecis of each crack are treated in the constitutive equations rather
than via fracture mechanics, the compuiational solution is simpler than
the crack propagation approach.

In the current paper. the continuum damage mechanics Jamination the-
ory proposed by Allen, ei al. (19872.b) is reviewed. Also a matrix crack
damage evolutionary law is developed and this phenomenologically based
evolutionary relationship is used io examine the accumulation of damage
and the accompanving siress redistribution among the plies ir. laminates
subjected 1o fatigue loading conditions.

Review of the Damage Dependeni Lamination Model

The continuum damage mechanics approach used herein is based on the
thermodynamics of irreversible processes. It is postulaied that the state of
a material point in a svstem undergoing a dissipative process can be char-
arterized by a set of observable and internal state variables if this process is
sufficiently close to the equilibrium state. Through the application of con-
straints from the fundamental principles of thermodynamics as proposed by
Coleman and Mizel (1968) and the assumption of interdependence among
these siate variables, Coleman and Guriin (1967) showed that constitutive






equations for the material can be constructed in terms of the strain tensor,
temperature, and internal state variables. The internal state variables may
represent any dissipative process occurring in the medium. For the current
application 1o distributed matrix cracks in Jaminaied polymeric compos-
ites. Alier e 2l (1987a) seitcted a second order tenst: vaiut internal siate
variable 1o represent the kinematics of the cracks. This tensor was first
defined by Vakulenko anc Kachanov (1971) to be

1
Qx] = H/.uln)ds-. (])

where a,. are the components of the internal state variable tensor, 17 1is
2 jocal volume in which statistical homogeneity can be assumed. u, and
. are the crack face displacement and normals. respectively. and S is the
crack suriace area.

The thermomechanical response of an elastic material with damage was
found 10 pe related 1o the damage dependent heimhoilz iree energy as
foliows,

S8hy
a‘-Lx]

where ¢;,, are the components of the locallv averaged stress tensor, h; is
the volume averaged Helmholtz free energy and ¢;.. are components of the
infinitesimal localiv averaged strain tensor. The subscripi L will be used
herein to denote volume averaged quantities. The Helmholiz {ree energy,
hyz, for an elastic material with distributed damage is defined by

(2)

ClL:y =

ko =kpr = ul, (3)
where hzp is the Helmholtz free energy of an equivalent undamaged elastic
body and uf is the energy associated with the damage efiect on the ma-
terial. These two energy guantities are expressed by second order Tayvlor
series expansions of the corresponding state variables. 1f the higher ordered
and residual effects are neglected and isothermal conditions are assumed,
The ply level thermomechanical constitutive relationship of the damaged
material is,

co; = Crajritir = Inijriir- (4)

where Cy.;x 1s the undamaged material modulus tensor and Jz,,x1 1s de-
noted the damage modulus tensor. The components of this damage modu-
lus tensor were shown by Allen, et al. (1987b) to be related to the modulus
tensor as follows

Ipijir = =Crijrr (3)

Another result of the Coleman-Mizel formulation is the entropy production
by the distributed damage in the absence of thermal gradients,
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where the thermodynamic force, f,”;, associated with the evolution of a,, is

denoted by
. 8h
fo=- : (

aa,;

-1
—

inegquality (6] will admit only these processes that yield non-negative rates
of entropy production.

The response of a multilayvered laminate with matrix damzge is obzained
bv inplane averaging the ply level constitutive relationship show in equa-
tion (4) and imposing the Kirchhofl hypothesis through the thickness io
obtain the following modified set of laminate equations,
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where {N\'} is the resultant force per unit length vector, {Q;; is the elastic
modulus matrix for the 1" plv in laminate coordinates, zx is the distance
from the midplane to the k** ply, £© and « are the midplane strains and
curvatures, respectively; and {a?'} are the damage variables corresponding
to the matrix cracks in the i:*" ply. The eflects of the matrix cracking on the
resultant forces are contained in the last group of terms on the right hand
side of equation (8). An expression for the resultant moments can be written
in 2 similar form. The stifiness loss of composite crossply laminates with
matrix cracks has been successfully predicted with this model by Allen,
et al. (1987b, 1988) for specified damage states using equation (8). In
addition, although it will not be discussed in this paper, the model has also
been extended to include the effects of delamination by Harris, et al. (1887,
1988). A damage evolution relationship for this model will be introduced
in the following section.

Evolutionary Equation {or Internal State Variables

In order to characterize the development of ths internal damage, the con-
ditions {or the initiation and progression of damage as well as a means 1o
quantify changes in the damage state must be established. Concepts from
linear elastic fracture mechanics can often be emploved to assist in the
development of the evolutionary equations for brittle damage. The ther-
modynamic force, ,"3: as defined by equation (7), represents the availabie
free energy that can be delivered by the system for a small change in the
internal state variable. However, this change will occur orly if the energy
delivered is equal to or greater than the energy required to produce this
change in the internal siate. Thus, the following initiation criterion based






on the relative magnitudes of the available and required thermodynamic

forces, ( ,7;)”7 can be used for this model,

2= (9)

/ rreg.

The 1mplementation of this criterion will require the determination of the
required thermodynamic forces. The required thermodynamnic forces are
mos: likely to change with the damage state. This enterior. is analogous
to comparing the strain energy release rate to the critical value in fracture
mechanics. Had the interna! state variable been defined as the crack sur-
face area, the thermodynamic force woulc be identical 1o the strain energy
release rate.

One approach to the formulation of the internal state variable evolution-
ary relationships is through micromechanical considerations. However. thie
approach is depencent on the avaiiability of micromechanical sojutions tnat
can mode! the essential physical characieristics of the damage state. For
the probiem of matrix cracks embedded in an orthotropic medium tnat s
jayered between two other orthotropic media, the solutions that are cur-
rently available are applicable only 1o very specific loading conditions and
damage geometries. Therefore, the evolutionary equation proposed herein
is phenomenological in nature. The form of the damage evolutionary rela-
lionship emploved in this paper is based on the observation made by Wang,
et al. (1984) that for some materials the rate of damage surface evolution
per load step, % foliows the power law as shown below, in which the
strain energy release rate, G, and a2 material parameter, n, serves as the
basis and exponent, respectively.

%

IS = PG™ (10)

where P is a material constant. To develop internal state variable evolu-
tionary equaiions in the form of equatior (10). a:; has 1o be relaied to
the damage surface area. Since a,,, as defined by equation (1), represents
the kinematics of the crack faces, the damage surface area alone will not
be sufficient to describe the crack face displacements. Assuming that each
crack in the material volume shares a common geometry and orientation,
then the specification of the far field strains will complete this description.
The rate of change of the internal siate variable can therefore be expressed
as follows,

dc,] - a'_a,_,_iS_ (11)

dN ~ dS ¢N
where the far field strains are reflected in the term :°—=, which relates the
changes in the internal state variable during the development of damage
surfaces. Thus, using equations (10) and (11), the stable evolution of the
internal state variable is defined by

da,, = —2i,G"aN (12)






where 5;—:‘—" can be determined analvtically for simplified damage geometries
and loading conditions and k, is a material parameter.

it will now be shown that the strain energy release rate can be determined
from the thermodynamic forces. The Helmholtz free energy for a body with
distributed damage was defined earlier 1o be the sum: of the Helmholiz free
energy in an equivalent undamage body. hgry, and the energy of damage
creation, u$. Since hgy is independent of the internal state variables, the
thermodvnamnic force can be expressed in terms of uj as
Guf

T _
Jay —

(13)
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Allen, et al. (1967a) defined uj as the mechanical energy of a continuum
due 10 equivalent crack surface iractions aciing on the crack fuces. The
energy encompasses the energy available jor crack exiensior anc ihe energy
Joss due 10 the apparent siifiness reduction caused by existing cracks. AD
association between the emergy for crack extension and the sirain eneIgy
reiease rate, G, is defined by

W = — [ Ges. (14)

Vo s
The sirain energy release rate is obtained from equation (14) by difterenti-
ation with respect to the crack surface area. Thus,

qu

Ltz

o

G=1 (13)

If the process is restricted to isothermal conditions, ¢¢ depends only on the
strain tensor, ¢,;, and the internal state variable, a:;, so that equation (15)

becomes .. c e
Guf dzyy | . cu$ day;

G=1r—"=— et (16)
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The relationship between the strain energy release rate and the available
thermodynamic force is obtained by permitiing crack extension under fixed
arip conditions and using the definition of the thermodynamic force in
equation {13).

;
. Ga, T
G =1y 0T (

cS

b
-1
—

The internal state variable evolutionary equation shown in (12) can thus
be expressed in terms of the available thermodynamic force as follows:

' s n
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For crack propagation under a single fracture mode, the crack surface kine-
matice for 2 thin laminate can be characterized by a single component of






the iniernal state variable tensor. For example, consider the matrix crack
damage state shown in Fig. 1, where all the crack planes are flat and oni-
ented perpendicular to the plane formed by the lamina and parallel to the
fibers, 2 pure opening mode (mode 1) would correspond 10 the crack faces
moving 1n & direcuion paraliel i tne crack iace normals. Thus, in reference
to the ply level cartesian coordinate system, the internal state variable ten-
sor as defined by equation (1} will be zero except for as;. Likewise, {or the
pure shearing mode (mode II), the only non-zero component of the internal
state variable tensor would be o 5.

Matrix Crack Development in Multi-Ply Laminates

The evolutiomary relationsnip shown in equation (18) provides a description
of the damage development at the plv level. In laminates containing multi-
pie plies of difierent orientation. the development of damags is infiuenced by
the adjacent plies. This is attributed to the different stress states found in
the neighboring plies and the redistribution of load among the plies that oc-
curs during the accumulation of damage. The eflects of this interaction on
the damage development are inciuded implicitly in the evolutionary equa-
tion through the thermodynamic forces and %— because laminate averaged
damage dependent ply responses calculated from equation (8) are used 1o
determine these quantities. Since the adjacent ply constraining effects are
refiected through the laminate equations, the evolutAQJ#F equation can be
applied independent of the laminate stacking sequence.

Load

X: Directdon

Figure 1. idezlized configuration of ply with matrix crackine.
(=] < -
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The term djs", found in equation (18), reflects the changes to the inter-
nal state variable with respect to changes to the damage surfaces. d:—bl’ can
be obtained anaivtically from relationships describing the kinematics of the
crack surfaces {or given damage siates and ioading conditions, snould such
soiuticns exisi. For lransverse malfix cracks 1N Crossply iaminatles. Lhe ave;-
age crack face displacement in the pure opening mode can be approximated
by a solution obtained by Lee, et al. (1989) for a medium containing an in-
finite number of alternating 0° and 90° plies. Thus 223 can be determined
for crossply laminales subjected to uniaxial loading conditions. 1t has been
found that for typical continuous fiber reinforced Graphite,/Epoxy systems
"T":— can be assumed to be constant for a given applied load until the dam-
age state has reached an advanced stage of develepment. This assumption
has facilitated the determination of the material parameters #; ané =n. The
damage state at any point in the loading nistory can nov: be determined by
the integration of equation {18) using the iaminate averaged piv responses.
This integration is performed numerically because of the nonlinearity of the
damage evolutionary equation. The fourth order Runge-Kutiz method has
been found to be suitable for this application.

The development of the matrix crack damage state in crossply laminates
subjected to uniaxial fatigue loading is examined using the proposed dam-
age evolution equation. To maintain the thermodynamic admissibility of
the fatigue loading process, it is assumed thal the values o the internal
state variables remain constant during the unloading portion of the load
cvecle. 1t was further assumed that the required thermodynamic force is very
small compared to the available thermodynamic force, thus iy will change
at the onset of load application. The material properties for AS473501-
6 Graphite/Epoxy are used in the calculations to enable the comparison
of model prediction to experimental measurements made by Chou, et al.
{1982). The material parameters for this polvmeric composite system have
been found to be

Iy =4.42 and n=6.39 . (19)

I

The damage histories for 1wo crossply lavups have been predicted using the
model. One layup consists of four consecutive 90° plies laminaled between
0° lavers of 1we ply thickness. The other crossply laminate contains six con-
secutive 90° plies in the center. The mode] predictions of the damage state
in the [0,/90,], laminates fatigue loaded at a maximum stiess amplitude of
38 ksi and 43 ksi are shown in Figs. 2 and 3, respectively. The Jower stress
amplitude is equivalent to eighty percent of the monotonic crack initiation
stress, while the higher stress amplitude is equal to ninety percent of the ini-
tiation siress. The experimentally measured damage states were originally
measured in terms of the crack density. However, the corresponding aaz
for each damage level can be approximated by the relationship proposed
by Lee, et al. (1989).
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Good agreement is found between the model predictions and the experi-
mental results. The damage evolution for the thicker [0;/903], Jaminate is
shown in Fig. 4. This laminate was Joaded at a maximum stress amplitude
of 26 ksi. This amplitude corresponds to eighty percent of the quasi-static
matrix crack initiation stress. The results for this load case indicated good
agreement with the experimental data. The effect of the load redistribution
or the damage evolution is apparent in this load case. A marked decrease
in the rate of damage evolution afier fifty thousand load cycles was indi-
cated by the model. On the other hand, the experimental data showed this
decrease 1o occur after only ten thousand load cvcles. Since the evolution of
delaminations were not included in the analysis, the predicted decrease in
the rate of damage evolution is attributed only to the matrix crack induced
transfer of load from the 90° plies to the adjacent 0° plies and the resulting
decrease in the availabie thermodvnamic force. The measured values of
the damage stale. however. may have been influenced by the formation of
delaminations along the {ree edges and in the'interior. Such occurrence can
crastically affect the siress distribution among the piies and the available
thermodynamic force for damage evolution.

To examine the amount of stress redistribution that occurs during the
damage accumulation, the model was used to determine the axial stress in
the 90° plies of the {0,/903], laminate fatigue loaded a1 three different stress
amplitudes. Fig. 3 shows that for the stress amplitude of 38 ksi, the axial
stress in the 90° plies afier foriv thousand cyvcles was less than fifty per-
cent of the original stress level in the undamaged laminate. There{ore, the
rate of damage evolution is expected to be relatively low during the latter
stages of the loading history. This is observed in Fig. 6, which shows the
corresponding values of the internal state variable, a2z, for the three load
cases. The 26 ksi stress amplitude load case, on the other hand. produced
only gradual changes in the axial stress and damage state as compared to
the other two stress amplitudes. The percentage decrease {rom the original
undamage stress level increased with the fatigue siress amplitude. These
results demonstrate that the stress redistribution characteristics among the
plies in the laminate are dependent on the loading conditions. These redis-
tribution characteristics will aflect the manner in which damage develops
in the surrounding plies as well as eventual failure of the laminate.

Conclusion

A damage evolutionary relationship for the accumulation of matrix cracks
has been presenied. This phenomenologically based relationship operates
as part of a continuum damage mechanics mode] developed to analyze the
response of laminated composites. The utilization of material dependent
guantities and damage dependent laminate averaged ply responses in the
evolutionary relationship has enable it to function independent of the lam-






2.0E-003

4 \’
3 (C/90,), AS4/2501-6 g
o~ d Cra=26xs. F=0.7 Y
o
= /
& 1.5E-003 y
/
Q
0
e
‘T 1.0E~-003
O
> 3
o ~eeee experimentol dote
o + — —~ mode! prediction
g £.05-004
3
O
2
o 3
0.0E 4000 F—=FFr =TT T
10 10? 10°*

10? 10
Lood Cycles, N

Figure 4. Matrix crack damage in the 90° plies of 2 i0,/90;3), AS4/3501-6
Jlaminztle loaded at 2 stress emplitude of 26ksi .

7.00E+003
Eo,/go,), AS4/2501~8
ctigue looged ot R=0.1

.— 6.00E+003
w
o

x

© 5.00£+003 2

E 3
b *
0 4,002+003 i
[%2]
O
| -
-
U 30024003
© Coe 3BKsi
>
< 2.00E+003

1.00E+OO3 YT Y T Y T T T Y I T Y Y N L T Ty T T T YT Ty Y T VYT Yo
0 20000 40000 60000  BOODO 100000

Lood Cycles, N

. - . e e . '
Figure 5. Dainage induced stress redistzibution in the 80° plies of [0,/903],
Jaminates subjected to constant stress amplitude fatigue loading.

by o






)]
j sol/goa). A54/2501—6
3000003 = clguc logoed 0! R=(.3
~ ]
o~ o
3 .
e} o
iy ]
5 2.006-003 -
S .
‘= ]
C .
> ]
] Cra= 30ksi
2, 4 =
g 1.00z-0C2 4 o
£ | -
o 4 - Com= 25ksi
i L e
0.00E+000 4 rirr 1o MM e M e T T
0 20000 40000 60000 80000 100000

Load Cycles, N

Figure 6. The accumulation of damage in the 90° plies of [05/903,,lamin
-ates subjecied 1o consiant siress amplitude fatigue loading.

inate stacking sequence. The capability to predict the evolution of matrix
cracks in crossply laminates subjected to fatigue loading conditions has
been demonstrated. The evolutionary relationship has also been used 1o
examined stress redistribution among the plies during the damage history of
the laminate. It is found that the stress distribution behavior is dependent
on the load amplitude. Higher applied loads result in rapid changes in
the axial stress and damage state during the initial portion of the loading
history. This is then followed by low rates of change for the remainder of
the loading history. For lower load amplitudes, the stress redisiribution
process and damage accumulation proceed in 2 gradual manner.

The existence of other types of damage, such as delaminations, will alter
the redistribution of stress among the plies and thus the evolution of the
damage state. An evolutionary relationship for delamination is currently
under development. The inclusion of this type of damage should provide
better insight into the complex events occurring within the Jaminate. The
information obtained from the stress redistribution histories could enhance
the knowledge of failure characteristics in laminated composites and aid in
the development of models for this progressive failure process.
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fFigs. 1-4 (.}, wherein successive damage states

are shown tor d coupon of graphite/epoxy (0/902)s
composite subjected to ratigue loading. In the

photos the coupors have Dbeen subjected to

Yoading in the wvertical direction,

uniaaial
leading tou lransverse mdlrix cracks in the 90°

pliec {norirontal lines), longitudinal splits in

the O pilies (vertical lines) and interply
delaminaiions between tne O0° and 90 plies
(shaded 4re, areas). T,pically, tne mElris

Craces tnduct stress concentretiens wWhich Lreleds

€. -

the Crin Lt srianinglienl, &8 shown dr Fiol
5. Furtheriore, RIS Jeolade Vi alcompanied vy ¢
emali (ogc 1n component ertel SLITrAesS, as ShOwn
in Fic. c. JLones béen conclusively getermined
that 1ne damege s siress Induced, SO inat tne

gamage siateé anc resuliing siiffness are strongly

affectec by Joed nistoer in adagition, the

growln 7 JaMage is  Gepengent  on  stacking

-

sequence, &: 1iiusirates in Fig. 7. ko nat

the gelaminzi.ons teng 1o cropagele normel ootng

Jcazing cireztion in = (U/Q]a}s leminzte, ec
scposes 1o .eriically inoe (07305) ilaminete. i
i¢ nypotnes el haL tnese variations &re aug Ll

differences 11 ply le.e! stiresses caused by

the oY, Stacking sequence. in fact,

this process
sense bencfilial

separate brittle materials

can be considered to be
because the

n some
integration of two

results in ocamage,

which 15 a auctile-like phenomenon, thus causing

load trancierral not unlike that which occurs in

metals.

Tne Current proceaurc Tor predicting life n

composites scems 1o be

iargely phenonienologica!

in nature; liei 1S, the melnuo of analysis ¢ in
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. . . . 1 1 ent
staching scyuence, wuslng only inmtial linear Mogel Deve 1opment
elastic ortnctropic ply properties. It has the

iti i i mwooelled as & simply
capability t¢ predict tne effects of matrix Tne structure 1S woe

i i mn the effects of
cracks  anoc  ocelaminations  on  ply stresses. connected gomain, "

microcraciing reflected Ly a set of internal

Therefore, 1t can pe used to predict demage
state variatles (1Sv's) wnich enter tne problem

evolution c¢. o functic., of lpad history such as

. . i ipt 3 the coenslitutive equations.
that <nown i figs. 1-3. {urthermore, the mogei gescription wvia [
: e JRRN i acr
1 : S 2 cIEL5ily 1o wmudi ) €ach CUalh wilh o lers
miay be i oo WoUE’ lhe responses of Deans ang Thus, the neliisily 10 wud

THE ¢j of fini tements 15 onvizled with
plates w1t .irecs grzalents, s& that it is not {or nundregs} o te r S

Yittie Jusy of  acturaly an’ consicerable

compenent .. AL AT Tag time of tnis writing
the Mide. G reaChen . reirl, eoverced State, computativnel SeviNGs. .o iy ens, ine apUroelh
eltne o s fe tramlure e 221 Tme maas YO imtar . selfogonuiiienl sInEnEs (€] en
Maiere = poont COTopIer SuvEl & LT sed o meiladt - o
res e Lhheowurrenl siclcoc CY JBvEICTMENnT 2t InE s
monsi. SUUhoLdP wE o0 nllopreiend 1o SuGaest ine ficogeSary parii L7 tne mI2el gve &f
that tnz noJel ¢ & wsalle cesign tool &l inis followe: ) a sinematic cescraption ¢f 1ne damage
time, w& ere hopeful thét the methodology state; 7 ¢ odamage odepergent. set of ply devel
suggested  nereln i< pwving  in the  right stress-sirain relaiions »1.icn aCCount for MEiria
¢irectior. cracking; 3) & camage depcnagnl 1amingt on Inecr;
wnigt? I AENES ine =Trelts cf nternly
oclamingTion .1 <) & set 0 Jamede evobiution lews

for precict ro Lne lpel ' L ldry uepeENgenie 0F Ine

gamags  stzaiz &l eedr weteriel  poIn

structurel cieoritnm fle mooelling tne responss
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of components with spatially variable and load
history depengent streiies and damage; and 6) a
failure function for predicting unstable crack
growth Jleouing to loss of component structural
integrity. Tnese parts are described briefly in
the following subsections.
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sméll compared 10 Th: wedmElry Of & structural
component.  inus, i1 it nypothesized tnat & local
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compared 10 thé  bOunuery  veiue prooiem  of

interest gro. at legst o

Cracking, inz gamage  Jiv pE 3ESUS woobs
statisticet:, spetialty; nomogimecus  im Thig

element. Mocelling tne effects of matrix cracks
would then appear to be igeaily suited to the
approach tasen in continuum damage mecnanics. In
this approacn, first proposed by L.M. Kachenov in
1958 |8], 1t is hypothesized that the effect of
microcracks may be locelly averaged on a scale
which is small comparca to the scale of the
structural component. Alinougn tne procedure has
veen eatensively wutdi!ioed in the literature,
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where 1 the ISV for matrix cracking in each

)
ply, V. e an ardbitre-ily chosen local volume
element ot 1y thickness which is sufficiently

large thadt “?J coes not depend on the size of Vi

ug are Ccrace  opening gisplacements in VL'
u? are the components o1 & unit normal to the

crack races, and S is ing surface area of matrix

“c
Cracks 10V, as Shuwh e s 1y, B
.
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Damage Dependent (aminalion Theory

Unlike the ply level mode! for matrix
homogeneity cannot  be

Although <tatistical

cracking, statistica:
assumed for adelaminations.
homogene ity appears tc hola in the plane cf tne
laminate, 1tne sSame cgnnot be  said for  tne
INrough-1RICKNESS QITEl: lur. Trgs, danagde ¢

accounted for via area avereging in Lne ieminate

tlone,  elCuiwanied L VanemeT il effumntcn
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The a@ispiacement egualions are averaged over where [X} and [M] are the resultant forces and

the loca! aree 1In order to produce locally moment s per unit length, respectively,
.averages aisplacements 1L be utilized in the and (a".'k and (o?) represent the damage oue to
?‘5"‘1"“9 formutation. Tnus, matrix cracking and interply delamination,
: respectively. furthermore, n is the number of
vy e ,l\ J fu'- 216 "(14‘)(6?)) + Wi1-zp) u‘:ldldy plies, and d is the numper of delaminated ply
t 16) interfaces.
vilxy.) = %| [ TR TR RIS IR TN Dlasey Tne integnal state variable for
t N oelaminatior., tagc, 18 cutained by employing lhe
e givergence triorem on ¢ 1olel voiume slement ©f
wGoun s b T sy SLlee (©) tre leminzte.
A s Tne resLiting profedetc ulagb oL
‘ Lo i e
by averdging lne aispiacements, Tne aelaminatlior : ! 5’2i
Jump giscontinuities are also averagea
over £ . Joo o b (11p)
The rese®tant  laminaie eguations may be 2y 5':,1- -
obtained b, subsiituiing ec.etions (€) tnrough
(&) Intc tne sirain-gispiacement equalions, &nd :97 - (e
tric veolt inle egQualten: [Zi.  TRIS resull if SR S5, : |
ther inledr 3ty 1NRrouy  the lamingle Tnickness
and tne givergence tnelrein ¢ employec & ODI&iR ;[( DS ;C':n 2 (11e)
tne folloming taminate ziuatisne [174: DAY Sé -
Zi
St b [ s (i)
T Kilu!k TN RS kg} 1, 1 -2y e t S;i
¢ {o where tne supscript 1 is associated with the ith
. 58 ] oot f ﬁ delaminated ply interface. Ffuringrmore, V4 18
SN LY Ny é‘ A C NI PR 1/ g equivalent Lo LA, where 1y is tng tnickness of
" 2 i “ai the two plies above ang pelow the delaminztion
°gi ”‘Es 117]. By gefinition, the z component of the unit
¢ ¢ normal, Nz, ig equivalent to unity. The matrices
n M {0] witn subscripis k ere the stancard elasiic
’ ‘-Zgl{"lk ST ) property melrices for tne uncamegeg pliss.  The
matrices |Q] w»ith subscripts i &pply ¢ the 1th
o ) celaminzied ply interface. Tney repressrnt
e % , N “‘2 -l 25-1) i} average propérties of tne plies ebove ang below
the delaminetion (17
(:‘\1 l(g\« While The camage-depenGent 1amingle &néiysis
g 2 '}‘" ol _ ) 0 1 mo0e] mE, Dé useC LO precilt any of tne effectiive
T el s <“ * ,i; [Cahylzy - 25y 4 ;9,> engineering moduli for 3 lemingie, experimentel
!_f;! !cé:{ resuits are only availeoie for ing axial moduivse
e (9 and Poissor’s retic. inerefore, ihe gEneral
utiiity of the modsl 1¢ ¢emONSIraied Dy comparing
T T model pregictions to ernerimenizl resciis for E
o7 s L e
bel ang . B
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typical grephite/epory System. The bar chart displacement equations (6) “through (E) into the

shown in Fig. 10 compares the model predictions locally averaged strain-gisplacemenl equations.
to the experimental values for the engineering Utilizing the divergence theorem on this result
modulus, [, , 7or combined matrix cracking and will then give the following equations for the
delaminatio:.  The gelamination interface strains in each ply [19]:

- location and percent of delamination area are D 1}
4 = (0 -2 lm + H(z-2 ) a l* H(Z-Z~) Gas
{ L 3 51 1 3

listed in tng figure ungerneath tne laminate L. N
A A
stacking sequence. kv cén be seen, tnhe
. 12
comparison  between model results  and  the (12)
experimentci resulls 1< guite cooc. Some limitec . "
: IS s Y L ey v
resultc for borespn'c -atic are giver in Fig. ! e T s e T niz-z.) wral e
° K] ) )
JEIRG lne fefMrz BAY  Jheri TCTREt. Wil it
exception of tne 10/50,;, 'eminate, tnece resulic 0T
are alsc quite goocd. hote that these resulis R -
. . . , T T Lol
Nave Deen 0LLAINEZ TOr ¢ LingiEe SEl OF npul gata 'L’ “_’ A 1T
whicn do nol aepend Oon slacking sequence. o 0
- ' . 5. U (1%
“ = sy Rz .1) Gagt {i%)
. . y2 32 y2
fvaluation of Plv Strecses c
. z .0, - ..z, . i)
L . "L H L R L1(- 1) “511 ( J
Az ’0 Al
In crger to eveéluzle Ine Stress stei2 in A
=z ~ - {17)
€ach piy, . 38 firgl npecessary Lo subsiitute Y < L o
») 5 )
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The above equations may be utilized 1o
obtain the ply strainc, and these results may be
substituted into (?) to obtain the
sfresses each ply [19].

stresses determined by this procedure represent

equation

in Since the ply

jocally averaged values, lhey must be considered

to be far-field stresses, so that stress

intensity faclors would be needed in order to

getermine matrix crack-t1p <tresses. This point

will be further In the section or

Leer  COneirelle” 1

gelerming lihe effell of Jemage on Ine “"far-fieid

ply stresses 1n compostle laminates }181,

Precicled siresses dre snown in Figs. 12 anc

13 for = typical crogeply laminate and e
candidate~ Quasi-isotropic leyup with representa-

tive odamege states. £s evicenced from the
results, tne Jdamage significently affects the
fer-fieid ply stresses. Matrix cracks had @
significent effect on iy stresses in the GO
cties in tne cross-pl, laminate. The guasi-
isotropic laminete exnibited & small Stress
reduction in  the =42 plies, but showed @&
substantial ctress reoguctiion (fifteen percent

verses one percent) 1n the %00 plies.

Damags Evolulion Laws

ply stress2s getermined by this

procedure reoresent

Since the

locell, averaged values, they

rix cracks |

1z

H >
:D iV siress
112 oiv stress with matmix cracks and delzmunzoon

(3]

must be considered to be far-field stresses, so

thata

1SV evolution laws are generally of tne

‘form {19):

4 " M 0
a.. = 6.. {¢ K,, K K
By 7 855 Loy Toope o Koo Kppe Kypp)
(18)
and
R . M L
Lo oM e
O} 1] s ka NS i 1 il
{15)
where e, @ngd Aa-- are tNE SLTress 1ntansile
faclers, wriir reiete lne fer-fielo stresszs Lo
the craze  1ip siresecs for e civen Crels
geometlr; . However, 11 15 assumec tnal 1ne
geometry ot both matrix cracying and
gelamination: s sufficiently inoependent of

staching Setouenie tnal tne siress  inlensity

factors msy te "materiail properiies”

anc thus boisets tne samec stress intensity fector

gepencence Tor STalrINg  STQUENCES. Tnus,

tney are eniompassd implicitly in tne material

constante reguired 1o charécterize damage

evoluticn lawe {18} anc {12).

Une the formulation of 1the

internal evolutionar;

relaticnsnipe micromecnanical
considerztiuns. tniy agproacn  is

depencent on (ne avaiiability of micromechanical

solutione tnet can model 1ne essarniial pnysical
characteristics of the ocamage stete. For the
’g c 4;//:'/447;/‘,‘-} s
4 155 150 <
Piv Soess (ksi)
=00
T TIx SaCKS :
DIV 5TLSS W1 2T C2cks and delaminadon |
ic. LIloter fiele BN Stresses in é

16/245/90)s Laminate.
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embedded in an

problem of matrix Cracks

orthotropic medium that is layered between two
other orthotropic medie, tne solutions that are
currently available are applicable only to very
damage

loading conditions and

Inerefore, the evolutionary equation

specific

geometries.

proposed herein s phenomenolegical in nature.

The form of 1re damage evaiutionary relationship

employed ir  this  paper is based on tne

observaticr rage Dy wang, el ¢l. 120] that for
surface

some miler oot the Tilve o} carage

evolutior rov toac . follows 2 toae-

Taw 1M THE enzrG, retesic réte, . Thus 211

4
& du K J
ERN I an {20}
T e - g << F
The tern d“Yj/_J ~eflects the changes 1¢
the interne’  state zriable witn respect 1o

. [
changes lo Lhe gamege surrales. d“ij/ds can pe

enelytical’, Trom relationships

rinemaiior of the Crack surfaces
STETEL &RC 1oaling conditions,

Tiohs @rist. For 1ransverse

malria (relrt In Cresst i, JEMINELES, INE gverage

crach face dispiacemeni in tne pure opening moce

can D& &pdrosimates o, = solulion obtzined by

Lee, el &.. [22] for < megium containing an

infinits  nomber of  elternating 0°  and 90

M - . .
Ines, daij/d: can Dpe determinad for
sutjecles to uniaxie) loaaing

pliec,

crossply iaminztes

39
ot

congitions., 1t nes peen foun nat for typicel
graph

M
au, ./dS can e essumed 1o be conmstant

continuous Tiper reinioreed jte/epoxy
systems
for a given }sp1iea loas until the damage state
hes reacney &n aavancesd stége of development.
Tris assumpiion has fzoilitated the determinaticn
of tne malerial paramsters vy oano n. Tns
material properties Tor ~32/2501-6 grephite/epoxy
are useg in Lng C&iluietions 1o enable the
t¢ experimente’
124]. The

wnie poliymeric composite

comparison of

lace, €@ a&l.

measurements

malerial pargmeters for

SyStem have been found Ly bLe
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undamaged laminate. inese results demonstrale

that the stress redistribution characteristics

among the plies in the laminate are dependent on

the Jloading conditions, These redistribution

characteristics will affect the manner in which
damage develops in the surrounding plies as well

as eventual failure of tne laminate.
Life Predictiun
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LIFE PREDICTION IN LAMINATED COMPOSITES
USING CONTINUUM DAMAGE MECHANICS

by

David H. Allen
Aerospdace Engineering Department
Texas A&M University
College Station, TX. 77843-314l

INTRODUCT 10N

Laminated continuous fiber composite structural components are observed
to develop substantial load induced noncatastrophic microstructural damage.
Since this damage quite often leads to very small changes in linear elastic
material properties, analysts are sometimes lead to the fallacious assumption
that linear elastic analysis need only be supplemented by a knock-down safety
factor in order to design away from failure. This supposition is erroneous.
Although substantial globally stable microcracking can be accepted without
component failure, the progression of this damage ultimately determires the
1ife of the structure. Furthermore, the damage is spatially variable, tending
to congregate in regions of high stress, and since stress concentrations are
unavoidable in heterogeneous media, the development of damage 1S
inescapable. In fact, this process can be considered to be in some sense
beneficial because the integration of two separate brittle materials results
in this damege, which is a ductile-like phenomenon, thus causing load

transferral not unlike that which occurs in metals.

A complicating feature of life prediction is the fact that the mode of
failure in a component of given structural shape is observed to be dependent
on the load history involived. In the same way that monotonic tension and
compression in  composites is observed to result in differing failure
characteristics, varying the fatigue spectrum applied to @& particular
component car result in gross changes in the observed failure characteristics.
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Most current methodologies for life prediction in composites seem to be
extremely limited in nature in that they are largely ad hoc in nature; that
is, the methods of analysis are in most cases dependent on component gecmetry,
load histor,, and even stacking sequence and environmental cor.'iticns.
Probably the most direct procedures utilize phenomenological failure laws not
unlike Mirer s rule [1,0]. As 4 result, they apply only to predelermined

geometlry and Llaching Seguences.

Perhaps the most amuit ous approach attempts to bring all of the detaills
of the necranics into rtocus by using linear elastic finite elements and
treating eacn crack as an internal boundary subject to growth determined by
fracture mechanics criteria |3,4]. While this is desirable and probably the
most accurats approach, it would require supercomputing capability for a
typically complicated damage state such as that found in the circular cutout

shown in Fig.

The current chapter of this text reviews an approach to this problem
which, althougr nct compiete at the time of this writing, has the potential to
model the 1ife of a laminated structural component, no matter what Tthe
geometric shaps, and for any loading history, given only a set of input datéa
which do not cepend on the stacking sequence. Furthermore, the structure is
modellec ac ¢ simply connected domain, with the effects of microcracking
reflected Dy a set of internal state variables (ISV's) which enter the problem
gescription via the constitutfive equations. Thus, the necessity to model each
crack with tens (or huncreds) of finite elements is obviated with 1ittle loss
of accuracy and considerable computational savings. To this end, the approach
is similar 1o self-consistent schemes [5) and global-local methods |6

utiltized in otner applicaticns.

Althougi, the author is not so bold as to suggest that the methodology
proposea hercin vepresenl: & panacea, it is hoped that this approach is at
least moving towards ¢ dJeneralized analysis tool applicable to laminated
composite structural coumgonent life prediction. In the same way that
classical plasticity theor, ceveloped in the early part of this century for
isotropic &nd homogeneous media, the model possesses some features which areé
already grounded in rtundamental wmechanics, and some parts which are
phenomenulsgical at this time and will thus require futlure refinement.

Therefore, the mode)l should be treated as in a transitory state, and each user






will want to supplement model predictions with a liberal experimental
verification program. The usefulness of the model will thus vary from one
application 1. another, an1 will be measured by the number of experiments

which can be a.0ided witn model usage.

The primg:y objective of the damage model is to develop the capability Lo
predict the ra'igue 1ife o laminated structural componente. According.y, it
is essentie¢l tral the constitutive inputs to the model be indepéndent of Utne
geomelry ang staching sequence for the particuiar application at hand. The
approach taker 10 this ohjective is to construct a nonlinear damage dependent
lamination tneory which can be implemented to any computational structural
algorithm sucn as a finite element code. This then allows for modification of
linear elastic. codes via & time stepping scheme to account for load history
dependent ddmage and an ilerative algorithm to account for nonlinearity on
each tLime siep. The necessary parts of the model are as Follows: 1) a
kinematic description of the damage state; 2) a damage dependent set of ply
level stress-strain relations which account for matrix cracking; 3) a damage
dependent ramination  theory which models the effects of interply
delaminesticny; <) a set of damage evolution laws rfor predicting the lcad
history dependence of the dumage state at each material point; 5) & structural
algoritnm for nooelling the response of components with spatially variable and
load history Jependent stresses and damage; and 6) a failure function ror
predicting unstable creck gyrowth 1leading to loss of component structural
integrity. Tihe chapter w111 review recent developments in each of the above
areas, and support for Ulne model will be demonstrated via experimental

results.
MODEL DEVELOPMENT

As shown in Fig. 1, & typical laminated continuous fiber composite with
brittle matri« usually undergoes three significant and physically different
modes of damage: matrix Cracking; interply delamination; and fiber breakage.
Normally, & substantic! distribution of matrix cracks occurs before
delaminaticn initiation, and the culmination of this phase of damage is
accordingly termed the characteristic damage state [7] because it appears 1o
reach this vconfiguration independently of the load history. Delaminations

then begin to appear as da result of stress concentrations at the intersections
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of matrix cracks in adjacent plies, as shown in Fig. 2. Finally, the
development o7 large scale delaminations causes stresses sufficient to induce
fiber breatayge, and this usually leads to component failure via un<table
fracture. A significant literature exists detailing the experimental

observation ..f these events |8-121.

Sirce et 1 Cracks apuear 16 be the first mode of damege lo occur in ali
cases, 11 «ou. o seem thal they should be modelled first. Typicall,, tnese are
of @ Siuic .tach is ver, small compdared to the geometry of a strultural
componenit. . example, . typical Saturation crach spacing in graptile/eplsy
is aboul tirt, cracks per inch (for a ply thickness of 0.0055 in). Thus, it

is hypotnesized that a local volume element may be selected which is small
comparec Lo :he boundary value problem of interest and, at least for the case
of matrir <¢racking, the dJamage can be assumed to be statistically spatialiy
homogeneous 1 this element, as shown in Fig. 3. Modelling the effects or
matrix cracis would then appear to be ideally suited to the approach taken in

continuum damage mechanics. In this approach, first proposed by L.M. Kachanov

in 1958 {13]. it is hypotnesized that the effect of microcracks may be locally
averageu on = scale whicn is small compared to the scale of the structural
component. ~ithough tne procedure has been extensively utilizzd in the
literature, until recentiy it has not been applied to laminated orthotropic

media [13-18,

Kinematic Usecription of the Damage State

f straignitorward and Jdirect approach to averaging the kinematic effects
of cracks within the local volume element was taken by Vakulenko and M.L.
Kachanov in {y’/1 |19]. This average is given by the following second order

tensor:

where u?i is the ISV ru: matrix cracking in each ply, V| is an arbitrarily

chosen local volume element of ply thickness which is sufficiently ldrge

M . - i
that 55 does  not  depend on  the size of VL, u? are crack opening
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displacements in VL, ng

faces, ant ¢ i tne surface area of matrix cracks in V|, as shown in Fig.

are the components of a unit normal to the crack

4. It .21 pe shows 1in the next section that definition (1) is

thermodynamivwily consistent with the constitutive equations developed herein.
Ply Leved Striens-Strain weialions

Conside. tne locdl . iume element shown in Fig. 5 with traction boundary
conditicn, o the externct surfdce Sl‘ In gddition, the interior vy i)
assumed tu Lo composed entirely of linear elastic material and oo ws (v'iChH
may include Lhin surfave ldyers of damage). Integrating the pointwise

Helmholitz frec energy over the local volume will result in [20]

2

—_—
ro
~—

= A 1B P A e 4 \ i
PeT AU B A e L a P T G e T T

where A, Blij’ CLijkl* by, ELij’ and FL are locally averaged undamaged
material constants. Furthermore, the locally averaged stress is defined by

gt Tu® (3)
L
and the loca'i, averaged <train is defined by
‘ 2Ty .U,
Lip v z(uin} an})dS (4)
1

where n. are components of the unit outer normal vector to the surface Sl. It
follows that the governing 7ield equations may be integrated over the local

volume 1o obla:n

1) conservat o of linear momentum:

Lit, g
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2) conservation of angular momentum:

- 6
“Lig Lji (6)
3) conservation of enery,:
o ) ;
y ”l;J"lJJ*qLJ,v "L (7)

where u{ is 4. defined nctow, qu is the locally averaged heat fiun veliow,

ry is the lotatly averaged realt supply; and
4) the entrop, production inequality:

),d 0 (5)

wv
| —
—| L
-~

T M

where s, is tne locally a.eraged entropy, and T is the locally averaged

temperature. The effective locally averaged internal energy, UL’ is given by
. . -C -
uL ey vouf (9)

where ug —represents the iseally averaged internal energy Of the egquivaiznt

uncracked bod;, given by

—

bg = - & . Gav Sy
oo _

where Ti ars called equivalent tractions, representing tractions in tihe

QidS (10)

_ . e c .
uncracked pl. acting along fictitious crack faces |20}, and ulois the

mechanical powier output gue Lo cracking, given by

- Tru.ds i1
YL : 1U1d (:1)
7
where T? ere viciitious tractions applied to the crack faces which represent
. . £ .z
the difrerence between the dotual crack face tractions and Ti' Fquations (3)

ORIGINAL PAGE IS
OF POOR QUALITY






through (8) are identical in form to pointwise field equations in & continuum
[20].
On the rasis of this similarity the Jlocally averaged Helmholtz free

energy i¢ now Jefined to oe [201:

(2N
—_—

h. u; LS = - ls, o+ u o= h[' + U (1

where U can be seen trowm eguaetion (2) that heL is the locally dverayged
undamayged clasiic tic wneit? free energy.
The similarity between the pointwise and local field equations lieads 1o

the conclusion that {21]

<
T

N ah o
i £ (13)
S B R R

Using eguatiuny (1) and (!1j, along with Cauchy's boundary conditions gives

- C R
e G S 14
Y PiiTLY) (14)
where JEij =7+ locall, averaged equivalent crack face stresses [20]. Thus,

the thermod,ramic significance of definition (1) is established.
Now conciger equation (14) in further detail. The kinetic quantities
inj may Le interpreted as generalized stresses which are energy conjugdtes

{0 the kineine:3C strain-like internal state variables [t cdan be

M
uL]J -
inferred from this thet inere exists a constitutive relation between these

variables of i1r= rorm

M

c ;
CL “Lij(htkl’ L’“Lki) (15)

which depenas an loading rnistory via the explicit inclusion of the internal
state variauic..

Therefors, substituting {15) into (14) will give
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Thus, expandiry equation (i6) in a Taylor series, substituting (2) and (lo)
into equation (13) and neyiecting higher order terms yields [20]:

. M M
O L. , [ ! 1 .. .o 7
S oot ELIJ . L!xjkl‘LLl * I:Jk!“k] (17)
Restricting tnu udmage to¢ zmall quantities constitutes a sufficient but not a

necessary condition for dropping the higher order terms. [Equations (17) ma,

be written in tne following incremental form for isothermal conditions
4955 7 Y0950 (18)
where
c i)
"Lk (19)

U LK

Tnus, il <dn be sesn Lhat the constitutive equations can be represented
equivalently &, both equations (17) and (18). In the first case, the internal
state is represented by = strain-like variable, aij, whereas in the second
case the efrect of damage is incorporated within the stiffness tensor,

C%jk]’ wnich  is implicitiy damage dependent. A careful inspection of
equations (17) and {l18) «i1! show that C%jk] can be determined as a function
of the damage nternal varienles %4 by differentiating (17) with respect to
the Siress t&nsor. thes, it s found  that C%jk] is a function or

a“ij/a‘Lij’ whicn 15 & fourth order tensor. Obviously, either

o5 or S“ijf"Lk1 could e tlermed the damage variable. In this werk, tne

author prearers Lo call v the damage internal variable, and auij/ath] the
measure of the damage stale. This is due to the fact that in brittle systems,
it can D¢ seen from egualions (1) that when the damage surface area 1S
constant, “ changes  iinearly with strain, so that aajj/Jng] is
constant. Thus, the latter is a better measure of the damage state.

Equation {17) and tne associated internal energy have previously been
shown to be exact for bolh a linear elastic isotropic cracked body [22] and a
linear elastic orthotropic cracked body |23] when the cracks are evenly

spaced. For the case where all matrix cracks are normal to the laminate plane
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the above reduces to the ioilowing form [24]:

. ) ( M)
(o ENEE N Vs G Qs Qg SLT Yk
X X M
8 Yo Qo iy Qpp Qpg Qg L,y
\:L ()13 U? l\r{._: Q?J Q35 Q36 Yoo u:?
£ - ) ) ) 2 o
| Ma Qs Mg Yag Qas Uge ",
| U Qo Yis Ugs Ueg Qeg TR (20)
N X2
- . M
¢ e Q. ¢ Uge Qe Q 1 T u
L L)) __10 26 3o 46 Y50 66_ g L)y %y )

where Qi' are componenty of the elastic (undamaged) modulus tensor in pl,

'

coordinates. Atien the matrix cracks are not normal to the midplane, a niore
complex procedure is vequired [25]. Fortunately, this circumstance appears o
arise oniy wnen Ssevera: aJdjacent plies are stacked at the same orientation
[25].

Damage [epenaent Laminatioin Theory

Unlite fne ply leve: model for matrix cracking, statistical homogeneitly
cannot be assumed for de:eminations. Although the delaminations appear to be
evenly aistrincuted in the plane of the laminate , the same cannot be said for
the through-tnickness airection. The damage is therefore accounted for via
area averaging in the laminate plane, accompanied by a kinematic assumption
through the thickness. Accordingly, the laminate equations are constructed by
assuming tnat the Kirchnorf-Love hypothesis may be modified to include the

0 O D

i Vi and Wo, as well as Jump

effects of Jjump dicspiacements u
rotations 52 and w? for the ith delaminated ply interface, as shown in Fig.

6. Mathematically, then |26]

and
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. o . D
wix,y,2) = w (X,y; H(Z—Zi) W (23)

where the superscripts "o’ imply undamaged midsurface quantities, and H(z-z;)
is the heavyside step runition. Also, a repeated index i in a product 1s
intended 1. mply summation, and the superscripts D imply displacenc .t
componenty a4 ress the delawminaticn.

The  oow, facement  cyualions are  averaged over the local area, AL,

shown in 1i.. <, in orae’ 1o produce locally averaged displacements to b

utilized 1o ine laminate formulation.  Thus,

U, (x,y,2) = i Flu - zis + H(z-z.)(sg)] + H(z-2.) uQIdxdy (24)
L A, i i i 1
L A
L.
S - D D )
V(a2 5 v o2le v H{z-z ) (ws) ) + H(z-2.) v, ldxdy (25)
L £ - i i i 1
L A
L
and
, 1 - ‘ D .
w, (xyy,.) - 5 o [w =+ H(z-2.,) w, |dxdy (26)
L AT 17
L AL

By averaging Lne displacements, the delamination jump discontinuities are also
averaged over AL

The laminete strains are given by

-t 2
LL‘ - y (‘-7)
A
|
. D
LL\ 5 (28)
J
S (29)
B v
W ot o (30)
_\J'Z o sy
e aM'
o L R
YLnﬁa w2z M 3 X (j1>
AL
RR3”VQL p






| R 32
\L - . ( )

The f(aminate consliiuiion 1s obtained by integrating the stress in each

lamina over the laminate thiokness. The resultant midplane forces and moments

per unit wigi: of region . in the laminate are thus given b,
N o
* /2 LA
N o o dz (33)
Y - L
“1/2 y
N 0
Xy L
Y ry
and
M )
* e b R
M ) 5, z Gz (39)
) -1/2 3
Mxy "L
Ay

where t is the laminate tnickness.

The resuitant laminate equations may be obtained by substituting
equations (24) through (26) into equations (27) through (32), and this result
into equations {20). Tnis result is then substituted into equations (33) and
(34), and the divergence theorem is employed to obtain the following laminate

equations {201]:
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0 0
0 0
g “flji dil 0
MV TR RS R A oL (2 -z ) gL
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where [N} ano (M} are 1ne resultant forces and moments per unit length,
M D ~ i
fu b and m].} represent the damage due to matrix Cracking
and interply aszlamination

respectively, and
, respectively. Furthermore, n is the number of

plies, an¢ d iv the number of delaminated ply interfaces, as shown in Fig. =.

. . - . . D . .
The internal state variable for delamination, tugt, s obtained by

employing trne aivergence thcorem on a local volume element of the laminate.
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The resulting procedure gives |26]
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where the subs.ript 1 is associated with the

Furthermore, .

plies abowe 4ng below itic delamination, as shown in fFig. S.
the z compenent of the unit normal, n
[Q] with suns.oripts k are the standard elastic property

undamaged poles. The matrices [Q] with

delamindtea 1, interrace. They

above and beicw the delamindtion.

T —b
o Q1,9

I e N

Lo Q- @y

=1 =

= N N

=

jth delaminated ply

is equivalent to unity.

subscripts

For example,

(37&)

(37¢)

interface.
is equivalent to tiAL’ where t; is the thickness of the two
definition,
The matrices

matrices for the

the itn

represent average properties of tne plies
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and

where the superucripts A and B designate the properties of the ply immediatel,
above dnd beliow the delamination, respectively. These are described in

further detas ! in reference |26].

Determirgiion orf Damage licpendent Stiffness

A measure of the accuracy of laminate equations (35) and (30) can be
obtained , comparing predictions of damage dependent stiffness 10
experimenta! results.  In order to do this, it is necessary to construct lne

(stacking seguence independent) material parameters developed in the previous

section. The scading dirsction engineering modulus, E ., and Poisson's ratig,
Vyy? 07 Lhe .amingte ere aefined by [27]
P
R
KA 12
SR (42)
. N
oo
o i (43)
XYy . sN
1 /
[
v
where t is the iaminate thickness.

For tne purpose of comparing the model predictions to eaperimental
results, this development is confined to the case of a symmetric, balanced
laminagte with delamination sites symmetrically located with respect 10 the

laminate mwidpfane. For tnis special case, the following expressions ror t,
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and v ma, Le obtained [27]

i | Ju 2 Bdg — aug
Eo-n 0 5 20 Qg+ G ) (44)
.M 4]
- s 2 = 2 = "3
S L e IO F L E R R
t::,___.____,._,__ y Y Y I
P - M D D (45)
' ! JiL ad agu
P , 2\, 2 = 3
[ Qo) 1t - ) = 2@ Qa5+ Qpg )
nE y y y
where it is assumed that =1l plies have the same thickness so that
Zk - :L - LD]} (46)
t‘l
P (47)
t r
t
12
T Tw (48)

Implementation of equations (44) and (45) to predict the damage degraded
laminate moduli requires the specification of the partial derivatives of the
internal state variables with respect to strain for a given damage state. In
the abserce of ISV evolution laws, the damage state must be determined
experimental iy . Expressions for the internal state variables have been
previously developed | 28] by employing energy principles.

For example, in the case of matrix cracking in cross-ply laminates where
only the opening mode of rracture is involved the following expression has

been developed

el L e e R IS (49)
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where m i tre number of consecutive 907 plies, p is the number of 0 plies, g
is the numbe: .f 90 plies, Ex is the initial undamaged modulus, and ¢t

X
. 0 . . )
is the aamdye Jegraded acdulus corresponding to matrix c¢rack damage state
SN . The term in the parentheses has been determined experimentally from
tes%s or g ;('vd/ots grepihite/epery leminate and is given by [27]

% 1 - 0.99969 - 1061607 S + 0.04623 S° (50)

u

Other componenis are as agetermined in reference {271.

While tne camage-depenuent laminate analysis model may be used to predict
any or the effective engineering moduli for a laminate, experimental resuits

are only avaiidable for the axial modulus and Poisson's ratio. Therefore, the

general utilit, of the model is demonstrated by comparing model predictions to
experimental results for £ and iy for the fully developed damage states
illustratea in Figs. 10-14. The delamination interface location has been

determined ex«perimentally and the delamination area has been estimated from
the x-ray raliographs using an optical planimeter procedure. In both ths
model analysis and data reduction, it is assumed that the delamination sites
are symmetrically located about the laminate midplane and contain the same

delamination surface area.

Mode! precictions have been made for a typical graphite/epoxy System witn
properties snown in Tabie 1. The bar chart shown in Fig. 15 compares tine
model pregictions to the experimental values for the enginearing modulus, EA,
for combined matrix cracking and delamination. The delamination intertrace
Tocation and percent of aetamination area are listed in the figure underneath
the laminate stacking seguence. As can be seen, the comparison between model
results and the experimental results is quite good. Some limited results for
Poisson's ratic are given ia Fig. 16 using the same bar chart format. With
the exceptior of the [0/90215 laminate, these results are also quite good.
Note that thece results nave been obtained for a single set of input data
.nich do not aepend on stacCking sequence. On the basis of these results it is

concluded that the theory proposed in equations (35) and (36) is a candidate
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Table 1. AS1,/3502 Graphite/Epoxy Lamina Properties

21.0x10° pus

L59a10% pu

0.312

u.694x106 pud

(144.8 GPa)

(9.53 GPa)

(4.79 GPa)
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for damaged lannates.

Evaluation ot Ply Stresses

In o de. to evaluate the stress state in each ply, it is first necessar,
to substitule displacement equations (24) throueah (26) into the locally
averaged strain definitions (Z7) through (32). Utilizing the divérgende
theorem o this result will then give the following eguations for lhe strains

in each ply.

O , D
ST Loy o- W{2-24) agyl + H(z-24) usgy (51)
X A X
=YL z I; o=z ) QD I + H(Z—Z ) ua (52>
[ “ L 1 41 i 2i
J 7 ¥
7 U U £
T H(z-zj) 1 (53)
z :
_ U S D 1
LT v, o H(2-2.) ay, | (54)
J< r - .\!";
e = S 4 H(z-z) o2 (55)
LP " "L I LR
oL L (5¢)
AY ) Xy

The abo.e equations may be utilized to obtain the ply strains, and these
results may he substituzea into equation (20) to obtain the stresses in each
ply [291. Since the p:, stresses determined by this procedure represent
locally averaged values, iney must be considered to be far-field stresses, su
that strecs intensity taztors would be needed in order 1o determine matria
crack-1ip stresses.  This point will be discussed further in the section on

damage evolution laws.

A computer code has Leen constructed to determine the effect of damage on

the "far-fielc” ply Stresses in composite laminates [29]. Results presented
are for a given laminate wirain €0 = .01 (a1l other strains assumed to De
zero). Dameye variables were calculated for matrix cracks in a saturated
damage state using eguations {38) and (39) assuming ug = 0.0001". The of f-
. _ . . X M M
axis and 90 plies wuwe the matrix crack damage terms of  ug and o
respectivel,. ho demagje i assumed in the 07 plies. Since the laminate is
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subjected onily Lo €0t “2 is assumed to be the only delamination damage
component. This term is calculated for an equivalent delamination area Ly the

Use of equation (40) witn ug = .00001".

The resulis obtained rrom the model are shown in Table 2 and figures 17-
22. As evigerced by Uhe results, the damage significantly affects the rar-
field 7!, <t-v.ses. Danaye variables were calculated by using equetions (33)
threugh (3, 1o simulate damage existing in several previously tested
laminates. Malris cracks caused substantial stress reductions in ply Stréssce
in the 50 piivs in cross-ply laminates. Ffor example, in the 90 plies of the
IOB/QOZ]S laminate the metrix cracks resulted in a thirty-four percent far-
field ply stress reduction. The two quasi-isotropic laminates developed
difrerent damege resulting in dissimilar far-field ply stresses. The
[90/£45/0], iaminate exnibited little matrix cracking, thus producing onl, a
small reduction in ply stress in both the 90" and *45" plies. The [0/:45/90]
laminate exhn.pited a simiiar stress reduction in the *45" plies, but showed a
substantial stress reduction (fifteen percent verses one percent) in the 30
plies when compared to the 190/145/01S laminate. This alteration in ply
strasses  snouid  significantly affect the growth of new damage 1in ing

composite.

Damage tvoiution Laws

It is n,potnesized thet the evolution of damage in each ply is driven by
the current tiress state «1 tne crack tips within that ply [20}. Tnis stress
state aepengs Jpon the <ivdins, temperature, and internal variables witnin
that ply. Ir caodition, since these are locally averaged values, they must be
regarded i far-Tield quaentities, and the stress intensity factors should be
includeq in order tO account for the crack tip stresses. Thus, the internal

state varianic evolution jaws should more properly be written in the fellowing

form:
MM M D .
S Sy G T e o K Ky Kppp) (57)
and
Ny M 0 “
Sl T s K Ky Kppp) (58)






where Kp, Ky, and Kyjp are the stress intensity factors, which relate the
far-field stresses to the crack tip stresses for a given crack geonetry.
However, it is assumea tlhat the geometry of both matrix cracking and
delaminationy s sufficientty independent of stacking sequence that the stress

intensity faciors may be treated as "material properties" and thus pcssess 1ne

same stress inlensity factor dependence for all stacking sequences. Thus.
they are encompassd imgplicitly in  the material constante reocired 10
charddtlerize Jamage evolution ldaws (57) and (58).

One  approach  to  the rtormulation of  the internal  stele  Lariebice
evoluticnar, relationships s through micromechanical considerations.
However, this approach i: dependent on the availability of micromectanical
solutions thal can mode! tne essential physical characteristics of the damdayc
state. For the problem of matrix cracks empedded in an orthotropic medium
that is layered between two other orthotropic media, the solutions that are
current!y avallable are applicable only to very specific loading conditions
and damage yecmetries. iherefore, the evolutionary equation proposed herein
is  phencmenclogical in nature. The form of the damage evolulionary
relationship employed in tnis paper is based on the observation made by Wang,
et al. [30G] tnat for some materials the rate of damage surface evoluticn per
load step, 3%, follow: a power law as shown below, in which the strain
energy reiedsy rate, G, ang a4 material parameter, n, serve as the basis and

exponent, respectively. Thus,

as ! -
W - PG (58)
where P is a material constant. To develop internal state variable

evolutionary =guations in tnhe form of equation (59), uTj must be related to
the surface area of damage. Since aTj, as defined by equation (1),
represents tne khinematics of the crack faces, the damage surface area alone
will not be suificient to describe the crack face displacements. Assuming that
each crack in tne material volume shares a common geometry and orientation,
then the specification of the far field strains will complete this
description. Tne rate of change of the internal state variable can therefore

be expressed a«s rfollows {31]:

I M )
dA_ii du] . d:
I all (o0)
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where the far 1ield strains are reflected in the term du?j/ds which relates

the changes in Lhe interna!l state variable during the development of damage
surfaces. lnu., using eguations (59) and (60), the stable evolution of the
internal ctate variable is given by
-
TR —cd ket (61
The tera AuTj/dS reflects the changes in the internal state variabie

with respect 1o changes ¢ the damage surfaces. quj/dS can be obldined
analyticalily, rrom relationships describing the kinematics of the <Crack
surfaces for yiven damage states and loading conditions, should such solutions
exist. For lransverse melrix ¢racks in crossply laminates, the average Crachk
face displacement in the pure opening mode can be approximated by & soluticn
nbtained oy lee, et al. [23] for a medium containing an infinite number cor
alternating ¢ and 90" piies. Thus, dd?j/dS can be determined for crossply
laminates subjected to uniaxial loading conditions. It has been found that
for typicai continuous fiber reinforced graphite/epoxy systems duTj/dS can
be assumed to be constant for a given applied load until the damage state has
reaches an advanced stage or development. This assumption has facilitated the
determinatiun of the material parameters kl and n. The damage state a4t any
point in the loading history can now be determined by the integration of
equation (61) using the laminate averaged ply responses. This integration is
performed numerically because of the nonlinearity of the damage evolutionar,
equation. The fourth order Runge-Kutta method has been found to be suitable

for this application.

The develcpment of tne matrix crack damage state in crossply laminates
subjected to uniaxial fatigue loading is examined using the proposed damage
evolution eguation. To maintain the thermodynamic admissibility of the
fatigue lcading process, it is assumed that the values of the internal state
variables remainr constant during the unloading portion of the lcad cycle. It
is further assumed that tn2 required thermodynamic force 1is very small
compared 10 tne avaiiable thermodynamic force, thus agz will change at the
onset or loed application. The material properties for AS4/3501-0
graphite/epc«, dare used in the calculations to enable the comparison of model

predicticn tc experimentat measurements made by Chou, et al. [32]. Tne

ORIGINAL PAGE IS
OF POOR QUALITY






material parameters for tnis polymeric composite system have been found to be

ko= 4.42 0 ana no= 6.3G (62)

The damays nistories for two crossply layups have been predicted using

the moac. ine model uvredictions for the damage state in the [ ./vu.lb
laminates Tatigue loaded «l maximum stress amplitudes of 38 ke and 4 vsi are
shown in tigye. 23 and 4, respectively. The lower strest ampliiude 1y

equivalent To cighty percent of the monotonic crack initiaticn stre o, while
the higner stress amplitude 1s equal to ninety perent of the initiaticn
stress. lhe experimentally measured damage states were originally measured in
terms of the crack density. However, the corresponding ugz for edach Jamage

leve) can be approximated b, the relationship proposed by Lee, et al. [23].

Good d4greement is found between the model predictions and ihe
experimental results. The damage evolution for the thicker [0,/50:], laminate
is shown in tiyg. 25. This laminate was loaded at a maximum stress amplitude
of 26 ksi. lhis amplitude corresponds to eighty percent of the guasi-static
matrix crack initiation stress. The results for this load case indicated good
agreement witn the experimental data. The effect of the load redistribution
on the dJdamage evolution is apparent in this load case. A marked decrease in
the rate of damag2 evolution after fifty thousand load cycles was indicated b,
the model. O0On the other rand, the experimental data showed this decrease 1o
occur after only ten inhcusand Tload cycles. Since the evolution of
delamination:s was not inciuued in the analysis, the predicted decrease in the
rate of dJameye evolution is attributed only to the matrix crack induced
transfer of lcad from the 90" plies to the adjacent 07 plies and the resulting
decrease in the available thermodynamic force. The measured values of the
damage state, however, may have been influenced by the formation of
delaminations w¢long the free edges and in the interior. Such occurrances can
drastically arfect the stress distribution among the plies and the available

thermodynamic torce for vamage evolution.

To examine the amount of stress redistribution that occurs during the
damage accumulation, the model was used to determine the axial stress in the
907 plies of the 102/903} laminate fatigue loaded at three different stress

amplituaes. r.y. 26 shows indt for the stress amplituge of 38 ksi, the axial

<
7
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stress in tne 90° plies after forty thousand cycles was less than fifly
percent of the original stress level in the undamaged laminatz. Therefore,
the rate of damage evolution is expected to be relatively low during the
latter stage. o the lodsing history. This is observed in Fig. 27, which
shows the corresponding vdalues of the internal state variable, ug2 , for tne

three load Coses. The 2€ wui stress amplitude load case, on the other ndnd,

produced on!, yrddual changes in the axial stress and damage State a$ o tpared
10 the clrer U .o. siress amplitudes. The percentage decrzase from the original
undamage uilre.. devel increased with the fatigue stress amplitude. These

results demornsivate thdat Lne stress redistribution characteristics among Lhe
plies 1in the laminate are dependent on the loading conditions. These
redistribution characteristics will affect the manner in which damage develops

in the surrounding plies a5 well as eventual failure of the laminate.

An Algorithn ior Structura: fnalysis

In oroer to mocel tne response of a structural component with spatially
variable streisses, it is necessary to imcorporate the damage dependent
lamination tneory into ¢ structural analysis algorithm. This will be
accomglished .:1a the Tirile element method. To do this, first recall Line

equilibtrium ¢guations for a plate [33]:

il N

S .S (€3)

J X Ty

11 \;NV

TR o)
g 9 o

SH TR T,

-,,"— 1 ““—‘\Z -+ "*;;‘i = ~p (65)
[ o ¢ Z

ar uraYy )

It 15 now advantaysous to express equations (35) and (36) in the

follovwing mairys form:
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10,33 .
. N _ = 0
b 3ki1(2|\ S 10y (70)
n
~ M
e - k\él (2,.-2, 1) 10,0y ta iy (71)
n .
B R M
g -3 kﬁlmk»-zk_l) Q1 ey (72)
‘ d d+1
e = 0 ° = . D, R
T = ; t1[Q}i‘ \‘J.}‘l-r _)_‘ (21'2]~1) IQZ]1102'] (7.))
i=1 i=1
d . d+1
T - 2 2 D
g = 1ilti by eyt 111(21_21‘1) Q15 a0ty (74)

Substitui ing equatior {66) into equations (63) and (64) results in tne
in-plane ¢quiiiprium equations [34].  Similarly, substituting equation (¢7/)
into equation (65) results in the following governing differential eguation

for the cut-ur-plane deformations:
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- (Go * G d (g + g3) = P, (77)
, - ixay

Integraling the governing differential equations, (75), (70), ana (//)
against 4 variations in Lhe displacement components and empioying Green's
Theorem twice results in the weak formulation for the Jlaminated plate
equilibrium eguations. 1nis form is described in detail in reference 34.

The fintlte element rormulation utilizes five degrees of freedom at each
“ade, k. Thewe consist of two in-plane displacements, ui
a: and ei. The 7tollowing
displacemzrt fields are assumed to represent the components of deformaticn

0 -
and Vk’ one outl-of-

. : 0 .
plane dispialement, W, dnd two rotational terms,

within an clement:

N e
Lo v (78)
L J;l J ]
o m e
VLJ - j“‘ ¥ .\r'c. (79)
i1 JJ
, D
V] - e e
Wl, = ‘,1 aWQ'i (80)
]:$
where {eAJ - ”j’ e?, °§ i, %? and w? represent the shape functions for the

element, m i the number of nodes the element contains, and p is three times
the number or nodes.

Substitution of equations (78) through (80) into the weak formulation of
the plate equiiibrium equations results in the following system of algebraic

equations tor « typical finite element:
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where the st r1ness and rorce matrices are as described in reference 34.

The systsw of equations given in (81) can be used in conjunction with any
type of «cienent for wnilr the shape functions are known. For the model
developed ir Lne present work, a three node triangular element with five
deqgrees of freedom per ncde is selected [34). These in turn are assembled by
the standard method into o global set of finite element equations.

A fimiie  element code has been developed based on the above
formulativn. ne implementation of the damage evolutionary relationship shown
in equation {¢1) requires that the solution algorithm be repeated for every
load cycle. f[wuring each cycle, the ply stresses are calculated and used 19
determine tne increment in the matrix crack internal state variable for ecch
ply. The updaled damage State is then used in the calculation of the laminate
and ply responce at the next load cycle.

The response of a laminated tapered beam subjected to uniaxial ratigus=
loading concitions has been examined. This beam has a [0/902]S stacking
sequence dng possesses the material properties of continuously reinforced
AS4/3502 yrapnite/epoxy. 1ts length is 17.78 cm and the width is 4.50 cm at
the clamp=d e¢nd and tapered to 2.87 cm at the end where the load is applied.
The beam is lcaded at & aistributed load amplitude of 17.5x103 N/m and R=
0.1. Since the beam is symmetric about its length, it is sufficient to model
half of the Leem with @ mesh containing 28 elements, 24 nodes, and 120 degrees
of freedom. iae development of matrix cracks during the loading history in
the 0 and 9. plies, as represented by the internal state variables, is shown
in Figs. 26 amd 29, respectively. For clarity, the damage levels in each bly
are normdlized by the largest value of the internal state variable within tnat

ply at the o of 22495 luzd cycles. The predicted results indicate that the
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matrix cracks first occur in the 90° plies at the narrow end and progress
toward the wider end as loading continues. Axial <¢plits in the 0° piies do
not develop until after ine appearance of the transverse matrix cracks in the
9C' piies. inus, the transverse matrix cracks accumulate and loads carried by

the 90 pitew dre transrerived to the 00 plies. Depending on the amplitude of

the fatigue load, more tuan half of the load initially cdrried by Une
undamaged 9L plies Ccan b transferred to the 0 plies. The adaitional lcade
coupled wilh Ine stres:s . qoentrations caused by the transverse malri Cracks
create sultable conditi-ne ror the growth of axial splits. Tne results o 5o

show thal tne progression of transverse matrix cracks along the length or tne
tapered beam decelerates nedar the midway point. The stresses in the region
beyond the midway point are most likely to be insufficient in sustaining
additional damage. Instead, the intensity of matrix damage increases at the
narrow end during the letter portion of the loading history. This process
will continue until the matrix cracks have either reached the saturation leve)
or when the laininate fails. The model predictions are qualitatively supported
by the experimental result shown in Fig. 30.

Life Pregict:ch

Usually, ultimate rtailure of laminated composites is caused by large
scale rfracture which 1is induced by fiber fracture at delamination sites.
Therefore, there is not only a synergistic effect between matrix cracking and
delamination, but also Letween delamination and the ultimate failure event.
Since fiber rracture occurs very near the end of the component life, ratner
than model it with an d4uaditional internal variable, it is preferrable to
simply treet 1t as the ulitimate failure event and model it with a failure
function. rypically, wne of two approaches could be taken. A
phenomenciogical approacn would entail the use of an existing failure function
such as the Isai-Wu [3%5] and Whitney-Nuismer failure criteria |36] to account
for the exiiling damage state. Since these failure criteria depend on
stresses and <irains, respectively, in a given ply, they will automatically
account for ioad history dependence, since the model predicts history
depengence duc 1o damage cvolution. Alternatively, a fracture criterion [37]
could alsv bLe modified to account for the damage induced stress

redistributicn. In this case, the energy release rate woulc have to be
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modified to account for the redistribution of stresses. The author i

pursuing thic cubject furtner at this time.

CONCLUSION
The aullo- has shown tnal by constructing local averages of the kinemalid
effects of wicrocracking it is possible to construct continuous internel

variables whicn appear explicitly in a modified lamination theory for layered
composites witn damege. Comparisons of predicted stiffness loss as a runction

of damdge stale to experimental results lend credence to the model.

Because the lamination theory is damage dependent, it produces predicted
stress readistribution as damage develops for a given fatigue load history.
This predicleed stress redistribution in turn affects the evolution of damage,
thus prooucing a life prediction model which can be used for any stacking
sequence regardless of tne load history applied to the component. HOowever,
while initial model comperisons to experiment are favorable, further researcn

is suygested before the ncael is utilized in a design setting.
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Damage Prediction in Laminated Composites
with Continuum Damage Mechanics

David C. Lo™
David H. Allen™*™
and

Kevin D. Buiey

Abstract

A finite element model is developed for laminated composite piates ex-
periencing fatigue load induced microstructural damage. Continuum damage
mechanics based constitutive relationships, in which the formation of damage
with a laminated composite plate is modeled with strain-like internal state
variables, are utilized 10 obtain the weak form of the equilibrium equation. A
damage evolutionary relationship for matrix cracking is incorporated into the
model to provide the capability to examine the response history of laminated
plate structures. Finally, this model is implemented into a finite element com-
puter code and is used to predict the response of a simple laminated plate
structure loaded in fatigue. D

Introduction

The increasing use of laminated composite structures for engineering
applications has lead to an increase in the number and types of methods in-
troduced to analyze the mechanical response of this tvpe of structure. Some
theories incorporate the use of finite elements while others result in strictly
closed form solutions. One of the earliest theories introduced for the analysis
of laminated plates is known as the laminated plate theory. This theory is a
modification of the classical plate theory that is based upon a set of assump-
tions known as Kirchhoff’s hypothesis. This theory is the simplest available;
however, the out-of-plane components of strain in the plate are neglected.

™ Research Assistant, Aerospace Engineering Dept., Texas A&M University,
College Station, TX 77843
** Professor, Aerospace Engineering Dept., Texas A&M University, College
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This is due to the assumption that a line normal to the mid-plane prior to
deformation will remain normal to the mid-plane after deformation. Mary
higher-order laminated plate theories have been introduced in attempts to ac-
count for the transverse components of strain. One of the simplest higher-order
laminated plate theories is known as the shear deformable theory (Reissner
1945 Mindlin 1951). The classicx] laminated plate theory is in fact a special
case of the shear deformable theors.

To this point, very little work has been performed on lamirated plate
theories that accoun: for the damage formation within the laminate and the
effect it has on the material response (Reddy 1987, 1990). Damage within a
lamninate first appears in the form of matrix cracks and for some cases can b=
the only type of damage to form. At the intersecticn of these mairix cracks
with those in the adjacent plies, interply delaminations are initizted. Edge
delaminations can also be found along the free edges. These phenomena in
turn contribute to the formation of fiber matrix debonds and fiber fractures
which lead to catastrophic failure of the laminated composite. Experimental
evidence indicates that the formation of matrix cracks and interply delami-
nations have a significant effect on the material properties of graphite/epoxy
laminates (Norvell 1985, Georgiou 1986, Groves, et al. 1987). While other
damage types affect the ultimate life of continuous fiber laminated compos-
ites, the formation of matrix cracks and interplv delamination affect those
properties that dictate the ultimate failure of the component. Thus, at the
present time, it may be sufficient to consider only matrix cracking and inter-
ply delamination in the formulation of a laminated composite plate damage
model.

New theories have been introduced in attempts to more accurately
predict the response of laminated composites subjected to various loading
conditions. One approach is based upon fracture mechanics; changes to the
material behavior are characterized through zlteration in local boundaries.
Three dimensional finite elements are used to simulate observed matrix crack-
ing patterns (Reddy, et al. 1987) and delamination formation (Murthy and
Chamis 1983, 1986). Since each crack is modeled separately, a large number
of elements is necessary to construct an accurate finite element mesh. Mod-
els of this magnitude will require a large amount of CPU time on a powerful
computer, resulting in a very expensive solution to the problem.

It is submitted that a more cost effective method for obtainirng ac-
curate predictions to the response of laminated composites is needed. One
possibility is to use continuum damage mechanics. In this approach, the aver-
aged effects of each type of damage in a small representative volume element
are considered rather than individual laws. Thus, the boundary value prob-
lem is reduced to a simply connected domain with nonlinear material behavior
and the number of finite elements is reduced to a manageable level. One of the
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authors (Allen. et al. 1987a,b,c) has proposed one such continvum damage
mechanics model and has produced accurate predictions to experimentally
measured stifiness losses in graphite/epoxy laminated composites using the
model. This model uses a set of second order tensor valued internz! siate van-
ables to represent the matrix cracks and delaminations within the laminate.
The incorporation of this theory into a finite element model will allow fer the
use of two dimensional elements in the modeling of a laminated composite
plate. This will make it possible to model a laminaied composite plate con-
taining a large amount of damage with considerably icwer elements than those
used by the previously discussed models. In this paper, the development cf
the finite element mode! will be presented. The accumulation of matrix crack-
Ing in a laminated composite plaie is then examined with this finite element
model.

Field Problem Formulation

The formulation of the governing differential equation for a laminated
composite plate with damage follows the same procedure as that used for an
undamaged laminated composite plate (Agarwal and Broutman 1981). Dam-
age in the composite plate is reflected through modified constitutive and dis-
placement equations. The details of these equations as well as the develop-
ment of the damage model can be found in several publications (Allen, et al.
1987a.b,c, 1988). Therefore, only those portions of the damage model nec-
essary for the problem formulation will be considered herein. The effects of
the matrix cracks are introduced into the ply constitutive equations througz
a modification of the thermodynamic constraints placed on the field problem.
Specifically, the Helmholtz iree energy is modified to contain the mechanical
effects of matrix crack formation. This form of the Helmholtz {ree energy
i1s then used to obtain the constitutive relation for an orthotropic mazterial.
Symmetry constraints are then applied to obtain the following constitutive
relation:

{or} = [@Ner - o7} (1)

where {0} are the locally averaged components of stress, {Q] is the trans-
formed anisotropic stiffness matrix for the ply, {¢.} are the locally averaged
components of strain, and {a7'} are the components of the internal state vari-
able for matrix cracking in terms of laminate coordinates. They are defined
to be the matrix crack surface displacements averaged over a local volume

(Allen, et al. 1987a).

The presence of interply delamination in the laminate introduces jump
discontinuities in the displacements and rotations of the normal line to the
midplane. Since the normal to the midplane prior to deformation does not
remain normal to the deformed surface of the midplane after deformation, it
1s no longer valid to neglect the out-of-plane shear strains in the problem for-
mulation. In fact. it is through these out-of-plane shear strain terms that the
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effects of the interply delaminations are introduced into the damage model
development. The displacement equations are thus assumed to be of the fol-
lowing iorm (Allen. et al. 1987¢):

u{zy,2) = w(zy) - (8% ~ H(z = 2371+ H(z = z.)u], (2)
v(z.y.2) = v%(zyy) = zp° = H(z - z:)nP1 = H(z = z; )P, (3)
w(z,y.z) = w{z,y) - H(z — z,)ul. (4

where v, 2°

. and w® are the undamaged midslane displacements: 3° an
n® are the urndamaged ply rotations; uID, v;D, and u',D are the plv jump dis-
placements due to d-.amination; 2P and n? are the plv jump rotations due
to delaminations. The internal state variables corresponding to the deiam-
Inations are defined as the values of these jump rotations averaged over all
the deiamination surfaces. Finally, H(: — z;) is the Heavvside step function.
The displacement equations are averaged over a local area to produce locally
averaged displacements that are used in the laminate formulation.

The laminate constitution is then obtained by integrating the ply
constitutive equations through the thickness. The ply constitution is assumed
to be anisotropic since the jump discontinuities in the displacements resulting
from delamination produce local anisotropic responses. That is, the local
out-of-plane shear strains, y7,. and 71.., resulting from delamination will
contribute to the resultants. The laminate equations for the force and moment
resultants are, -

{N} =142} = Bi{nr} = {7/} + {7}, (5)

{M} =1Bl{e1} + [Dl{r} + {g"} + {¢"}, (6)
where (4], B, and [C] are the laminate extensional stifiness matrix, coupling
stifiness matrix, and bending stifiness matrix, respectively. {f*} and {77}
are “damage induced forces” resulting from the matrix cracks and delamina-
tions. Their application to an undamage laminate will produce an equivalent
amount of strain to those caused by the matrix crack and delamination dam-
age surface kinematics. {g*} and {gP} corresponds to the “damage induced
moments.” These “damage induced forces and moments” are determined from
the corresponding internal state variables (Allen, et al. 1988). The laminate
equations (5) and (6) are substituted into the plate equilibrium equations
to yield the governing differential equations for the plate deformations. The
governing equation for the out-of-plane deformation is (Buie 1988),

O%w® BN ARTIA 0% w*
P: :DllT ':—4D16 +2(D12 -:_QDGG)W

Ozt 0z 0y
aéu‘o 84’&’0 62 M D -
+ 4D —~ +~ Dyg—r — — + g5 (
26 2643 22 3y* 322 (91 9v) (7)
82 M , D 62 A M

d -“I (
—a—yz(gz + g5 )—25$—6y(93 +g3 )

0 4 Lo






The in-plane governing equations are of similar form. The governing differ-
ential equations are then integrated against a test function in the variational
formulation of the laminated plate equilibrium equations.

Finite Element Discretization

In the current formulztion, it is assumed that a total of five degrees of
freedom exict at each node. The componen:s of deformation at a node consis:
of two in-plane displacements. one out-of-plane displacement, anc two out-of-
plane rotations. The following displacement fields are arsumed io represent
the components of deformation within the element:

up = Wi, (8)
j=1

vy = Wil (9)
J=1
P

wg = &, (10)

where {é7} are the out-of-plane displacement and rotational components, ¥
and ®f represent the shape functions for the element, m is the number of nodes
the element contains and p is three times the number of nodes. Substituting
the aforementioned displacement fields into the weak formulation of the plate
equilibrium equations will result in the following elemental stifiness and force
matrices (Buie 1988),

JAE SR At 0 u F; Fi; F}
K2 R?2 o33 vy =( F2 Y+ { F s+ Fh b, (11)
0 0 K

¢ Fj Fy Fp

where (A} is the elemental stiffness matrix, {F4} is the applied force matrix,
and {Fps} and {Fp} are the “damage induced” force matrices resulting from
matrix cracking and delamination, respectively. For the model developed in
the present work, a three node triangular element with five degrees of freedom
per node is selected. This element is formed by combining the constant strain
triangular element and a nonconforming plate bending element (Buie 1988).

Internal State Variable Growth Law

The values of the internal state variable used to represent the effects
of matrix cracking and delamination are found through the damage evolution
laws. These evolution laws describe the rate at which the internal state van-
ables are changing and are functions only of the current state at each material






point. The damage state, as described by the damage variables, can be found
at any point in the loading history by integrating the damage eveclutionary
laws. The authors have recently developed one such relationsnir for the inter-
nal state variable representing mode ] matrix cracking under fatigue loading
conditions (Lo, et al. 1990;. The rate of cnange of this internal state variable
during fatigue loading is expressed by

dazs

ds

kG™dN (12)

daz =

where “:S describes the change in the internal state variable for a given change
in the crack surface area, k and n are material parameters. G is the strain
energy release rate for the damaged ply, and N is the number of lezd cvcles.
Because the evolutionary relationship is dependent only on ply level quartities,
its application is not restricted to a particular laminate stacking sequence. The
interactions with the adjacent plies and damage sites are implicitly reflected
in the calculations through the laminate averaging process. Equation (12) can
therefore be used to model both the transverse matrix cracks and axial splits
in crossply laminates subjected to tensile loading conditions. The formulation
of the delamination evolutionary relationship is currently in progress. It will
be incorporated into the model once it becomes available.

Model Application

A finite element code has been developed based on the above formu-
lation. The implementation of the damage evolutionary relationship shown in
equation (12) requires that the solution algorithm be repeated for every load
cycle. During each cycle, the ply stresses are calculated and used to determine
the increment of change in the matrix crack internal state variable for each
ply. The updated damage state is then used in the calculation of the laminate
and ply response at the next load cvcle.

The response of a laminated tapered beam subjected to uniaxial fa-
tigue loading conditions has been examined. This beam has a [0/90,}, stack-
ing sequence and possesses the material properties of continuously reinforced
AS54/3502 Graphite/Epoxy. Its length is 17.78cm and the width is 4.50cm at
the clamped end and tapered to 2.87cm at the end where the load is applied.
The beam is loaded at a distributed load amplitude of 17.5 x 10°N/m and
R = 0.1. Since the beam is symmetric about its length, it is sufficient to
model half of the beam with a mesh containing 28 elements, 24 nodes, and
120 degrees of freedom. The development of matrix cracks, during the loading
history, in the 0° and 90° plies as represented by the internal state variables
is shown in Figs. 1 and 2, respectively. For clarity, the damage levels in each
ply are normalized by the largest value of the internal state variable within
that ply ai the end of 22495 load cycles. The predicted results indicate that
the matrix cracks first occur in the 90° plies at the narrow end and progress
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0 deg. cycle: 2498 0 dec.
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0 deg. cycle: 17485 0 deg. cycle: 22495

Fig. 1. The accumulation of matrix cracks in the 0° plies during various points
in the loading history.

80 deg. cycle: 2485 30 deg. cuycle: 8895

S0 deg. chLe: 17495 S0 deg. CSCLe: 22485

Fig. 2. The accumulation of matrix cracks in the 90° plies during various points
in the loading history.
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toward the wider end as loading continued. Axial splits in the 0° plies do not
develop until after the appearance of the transverse matrix crack- in the 90°
plies. Thus. the transverse matrix cracks serve as the driving mechanisms for
tne axial splits. As the transverse matrix cracks accumulate, loads carried b
the 90° plies are transferred to the 0° plies. Depending on the amplituce of
the fatigue load. more than half of the load initially carried by the undamaged
90° plies can b transferred to the 0° plies (Lo. et al. 1990). The additiona’
loads coupled with the stress concentrations caused by the transversc mairix
cracks create suitable conditions for the growihi of axial splits. The resuits
also show that the progression of transverse matrix cracks along the lengin:
of the tapered beam decelerates near the midway point. The stresses in the
region beyvond the midway point are most likely to be insufficient in sustaining
additional damage. Insteal. the intensity of matrix damage increases at the
narrow end during the latter portion of the loading history. This process will
continue until the matrix cracks have either reached the saturatior level or
when the laminate fails. The model predictions are gualitatively supported
by the experimental result shown in Fig. 3.

Summarv and Conclusion

The authors have implemented 2 continuum damage mechanics model
for laminated composite plates into a finite element computer code. The rep-
resentation of matrix damage by second ordered tensor vzlued internzl state
variables and the utilization of modified laminate equations in the formulation
has enabled the modeling of laminated composite plates with two dimensional
rather than three dimensional finite elements. The reducijon in the compu-
tational requirements of this model over that of the three dimensional finite
element analysis has made the analysis of composite plate structures subjected
to complex loading histories a {feasible task. The accumnulation of matrix cracks
in a iapered laminated composite beam loaded in fatigue is examined. The
results reflect the damage induced load redistribution among the plies. Since
this transfer of load influences the characteristic of damage accumulation and
the eventual failure of the laminate, this model can assist in the determinction
of a laminated composite plate component’s structural integrity.
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